The existence of a Maximal Acceleration for Deterministic Finslerian Models at the Planck scale is shown. The meaning of this result is analyzed and as a consequence, the relativity group O(1, 6) is introduced and discussed. The connection with bosonic string theory is noted.
Introduction
Fifteen years ago, some investigation concerning the appearance of a maximal acceleration in string theory was performed ( [1] ). When the Hagedorn temperature ( [2] ) is of order of the Planck temperature T p , this acceleration only depends on universal constants, being of order 10 52 m/s 2 . The mechanism producing the maximal acceleration seems to be related with the divergence of the string partition function. This implies a minimal length for the strings and as consequence, a maximal acceleration ( [1] ).
Another argument in favor of a maximal universal acceleration is based on the Unruh effect ( [3] ). At the maximal temperature, an equivalent maximal acceleration accessible for a local coordinate system respect an inertial frame is obtained. This acceleration is of order 10 52 m/s 2 when the maximal temperature is T p .
Finslerian space-time theory also contains an universal value for the maximal acceleration ( [4] ). Again, the definition of a characteristic length in this model is also present. When this length is the Planck length, we obtain a maximal acceleration of order 10 51 m/s 2 .
All the above examples of maximal accelerations have the same formal expression,
1)
L being the characteristic minimal length of each particular theory. When L ∼ L p we get a L = a p ∼ 10 52 m/s 2 . Let us note another common feature: the acceleration obtained in the above theories is a proper acceleration. In particular, in the Finslerian Space-Time theory, a 8-dimensional manifold inherits a pseudo-finslerian metric structure, originating the bound of the proper acceleration( [5] ).
Recalling this examples, a natural question appears,
What is the origin of this common, universal maximal acceleration for such different frameworks?
In this work we try to give some insights on the above question because it seems that the existence of this maximal universal acceleration a p is a remarkable fact, comparable to the existence of a universal maximal physical velocity c. Our strategy consist on analyze deterministic finslerian models because it has been shown the appearance of both, a maximal acceleration and speed for physical particles and interactions ( [5] ). The study of a gas of these basic particles generates the same expression a ∼ c 2 L for the maximal acceleration under the hypothesis of the existence of a minimal "macroscopic" length L and that interactions are causal and local. We clarify the meaning of this maximal universal acceleration in the context of deterministic finslerian models. In addition, we try to introduce the foundations for an effective macroscopic cinematic based on this analysis and show the relation of our result with some of the above theories, in particular with bosonic string theory.
The structure of this note is the following: in Section 2 we recall some facts about deterministic finslerian models and we present a slightly new derivation of the value of the maximal acceleration in this context. In Section 3, based on the considerations of Section 2, a new relativity group O(1, 6) is introduced. We also speculate on the mechanism producing the maximal universal acceleration. Some conclusions have been signaled in Section 4.
Maximal Acceleration in Finslerian Deterministic Models at the Planck Scale
The relation between Finsler Geometry and deterministic models at the Plank scale has been discussed recently in [5] . Let us recall the basics facts of this relation. The manifold M denotes the configuration manifold of all the degrees of freedom at the Planck scale (which are also called ontological degrees of freedom). The tangent bundle TM (not directly M) is equipped with a dual Randers metric F * ,
where x ∈ TM and p ∈ T * x (TM). α(x, p) = a ij (x)p i p j is a Riemannian metric defined on TM \ {0} for a fixed x and β(x, p) = β i (x)p i is a linear form in p (see reference [6] for an introduction to the basic notions of Finsler Geometry).
This metric is non-symmetric because F * (x, p) = F * (x, −p). Using this property, the classical Hamiltonian function is defined by
τ is the time inversion operation. This is the Hamiltonian function for a deterministic classical system ( [10] ). Now we quantize the above Hamiltonian. The main difficulty with the quantized Hamiltonian consists on its linearity in momentum operatorsP i ,Ĥ = 2β i (X)P i , i = 1, ..., 6N.
It seems impossible to get a lower bound for this type of Hamiltonians. In order to surpass this difficulty, we proposed to consider as the physical Hamiltonian for matter (including gravitons) the averaged Hamiltonian defined by its action on states of defined generalized ontological position at the Planck scale,X|x >= x(t)|x >
H is the Hilbert space of vectors with defined ontological momentum and I * x ⊂ T * x TM is defined by I * x := {p ∈ T * x (TM), such that F * (x, p) = 1}. This averaged Hamiltonian is bounded as consequence of the properties of Randers spaces. In addition, this procedure has a geometric interpretation discussed in ( [7] ): if we identify the statistical average with the result o a time evolution, the initial Finsler structure (T * (TM), F * ) after evolution relax to the Riemannian structure (T * (TM), h). As a result, we obtain a bounded averaged Hamiltonian for matter. The physical interpretation of these average is that the dynamics of the system, defined at any moment by the Finsler function F * , evolves in a short term (compared with antrophic scales) to a stable dynamics, described by the Riemannian metric h.
In case of a Randers structure (T * (TM), F * ), it follows from the geometric properties of Randers spaces the existence of a bound for acceleration and speed for every degree of freedom at the Planck scale; the equations of evolution for a deterministic and discrete system are
From the geometric axioms of Randers spaces, the coefficients β i are bounded. Therefore, the first set of equations implies that the generalized ontological velocities are bounded. The second set implies that the time derivative of the momentum is bounded. Therefore, a maximal generalized acceleration and velocity for ontological states is contained in these models. The description of time variation for ontological position x i and velocities y i is difficulted because it should be done from a macroscopic point of view: the ontological degrees of freedom condense to form strings ( [5] ) and after the formation of the strings, every measurement is performed under this constrain, forbidden the possibility to detect distances shorter than the string scale. As consequence, the minimal time resolution for a macroscopic observer is the Planck time t p and the phenomenological definition of acceleration and velocity for the ontological degrees of freedom should be
being y i the generalized velocity. When t p −→ 0, the above equation reproduces the usual definition of acceleration and velocity. The parameter t is the continuous time parameter necessary for a well defined description of the ontological degrees of freedom without any ambiguity in the definition of the Hamiltonian operator. However note that writing t + t p and considering t p as the minimal time step, we are postulating the identification of this time and the time parameter defined by a external observer using a macroscopic process or device. However, the fact that t p is very small compared with ordinary scales, makes useful to consider macroscopic time also continuous. Therefore, the above identification seems consistent. Nevertheless, we must note that t is not directly related with the ontological dynamics: t should be considered a gauge degree of freedom of the theory.
A mechanism eliminating this gauge time consist on postulatingĤ total = 0. In [5] it was described a natural mechanism producing this effect: when the Randers structure (T * (TM), F * ) evolves to the equilibrium Riemannian structure (T * (TM), h), the final total Hamiltonian function (2.1) is identically zero and therefore its quantization. Note that even if the theory is independent of t, there is is a time arrow implied by the evolution of the Finsler structure to the Riemannian.
We perform a slightly different calculation of the maximal acceleration that in [5] . Suppose the existence of a minimal distance L p , the maximal physical speed is c and the ontological degrees of freedom of the model describe the "molecules" of a classical gas. We can write the elementary work that the rest of the universe can make on a defined elementary sub-system. Since this maximal work is equivalent to the energy of the particles involved, we obtain the relation
This relation is just an equality when the particles colliding are all in the same direction. Locality is interpreted as the property that only the "smallest" neighborhood of the considered elementary sub-system is involved in the increase of speed. If locality holds, implies the relation δm ∼ −m. Again, in the case where the colliding particles are in the same direction, the above relation is the equality δm = −m. However, for the case of a relaxed Riemannian structure, the total Hamiltonian operator is zero,
This fact implies that the exact relationĤ 1 +Ĥ rest = 0.Ĥ 1 is the Hamiltonian associated with the elementary sub-system andĤ rest is the Hamiltonian operator of the rest of the universe. Therefore, taking the averaged value of this relation over a energy eigenstate of mass m times an eigenstate of the rest of the universe,
without any other consideration about the global content of energy of the universe or any explicit appealing to local properties of the interaction model. The exact value for this maximal acceleration is
This value is of the same order than the value obtained in string theory when the Hagedorn temperature is the Planck temperature. In addition, in [5] it was obtained strings as final states in the equilibrium Riemannian regimen, being the basic macroscopic physical entities. It seems natural to associate the equality of the maximal acceleration (2.6) and the one appearing in string theory to this fact because the change in the description of four ontological degrees of freedom to strings coordinates has a Jacobian not very different than 1 (indeed what we did was consider some ontological degrees of freedom as string fields ([5])). Finally we note that −δm > m in the finslerian regimen, although of the same order. Consequently, the ontological maximal finslerian acceleration can be higher than a p , but finite.
The experience learned from the Special Theory of Relativity is enough to solve the problem, at least in its cinematical aspect. Consider the flat space-time R 4 with the metric
The Lorentz group O(1, 3) is the isometry group of this metric and because x 0 = ct, it produces a rotation of the light-cone and in particular, the maximal speed of light in vacuum c is the same for every inertial coordinate system. In addition, the structure of the group implies a maximal speed for particles whose trajectories have tangent velocity bounded by c.
Imitating Special Relativity, we try to find the simplest Relativity group admitting both, a bound for the velocity y i = dx i (t) dt and for the acceleration a i = dy i (t) dt . The simplest group seems is O (1, 6) , which preserves by isometric action the metric
From the relation z i = Lp c y i it follows the existence of a bound for a 2 = a ij (x)a i a j = a i a i when a ij (x) = δ ij .
Let us remark that one of the differences between the present treatment and the usual treatment in the literature (see [4] , [8] and [9] for instance) is that there the maximal acceleration is covariant, in the sense that the maximal proper acceleration is defined by the covariant formula
Dv ν ds , µ, ν = 0, 1, 2, 3.
Because of this, it seems that the Relativity group for these theories is O(2, 6), with two coordinates which can be interpreted as time coordinates. However, from the perspective adopted in Section 2, is more natural the group O(1, 6) because we use the same external parameter t in the definition of acceleration and velocity; there is not need for another external time parameter. In addition, from the Hamiltonian perspective, the natural structure describing a fundamental system is a 7-manifold, locally diffeomorphic to R × M 6 , where M 6 is the phase space manifold for one ontological degree of freedom and R describes the time parameter space.
The notion of inertial coordinate system and uniformly accelerated coordinate system for the study of the Relativity group O(1, 6) are the following:
1. Inertial Coordinate System. It is characterized by the fact that every free test particle is described by a linear trajectory.
2. Uniformly Accelerated System. It is characterized by the fact that every test particle in relative rest in such coordinate system, is described in a inertial coordinate system as being in an apparent uniform gravitational field.
Every uniformly accelerated coordinate system is equivalent respect every inertial coordinate system in the sense that the apparent gravitational field associated does not depend on the inertial coordinate system.
Let us write the generalized Lorentz transformations for the metric (3.1), 1. Ordinary Proper Special Transformations. They relate the coordinates (x 0 , x) and (x 0 ,x) of two inertial coordinate systems:x
being β = v c . This transformation can be re-written as
Very well known properties of this transformations are that they leave invariant the speed of light c and also the relativistic addition law of velocities implies that c is the maximal speed for physical interactions and particles.
2. Pseudo Lorentz transformations. They relate the coordinates (x 0 , y) with (x 0 ,ȳ) of two uniformly accelerated coordinate systems in the instant where the instantaneous velocity is zero for both systems, reducing the 2-form (3.1) to ds 2 = (dx 0 ) 2 − (d z) 2 . In this case, the coordinate transformations arē
α is a 0-dimensional parameter of the group O (1, 6) . Recalling that z i = Lp c y i , the above transformations can be written ast
Comparing equations (3.2) and (3.3), we obtain the natural relation α = a ap , being a the acceleration and a p = c 2 Lp . Then (3.3) readst
In order to obtain the composition law for accelerations in uniformly accelerated coordinates systems, we perform a similar calculation as in the proof of the composition law of velocities in Special Relativity: consider a particle moving respect the coordinate system 1 with acceleration a 1 . Then the value for the acceleration a 2 in a coordinate system 2 moving with acceleration A respect the first system should be
When a 1 and A are less than a p , a 2 is also bounded by a p . In addition, a p is invariant: any particle whose trajectory has acceleration a p in a uniformly accelerated coordinate system, moves with the same acceleration in every uniformly accelerated coordinate system.
The relation of the coordinate of the particle in two arbitrary uniformly accelerated systems at the instant t is defined by the inertial coordinate systems having the velocities of these uniformly accelerated systems at this particular instant (in our case this velocities are zero, but in the general case a composition with transformations of type 1 is necessary to produce the boost).
3. Reciprocity transformations. This transformations are the equivalent to Born's reciprocity transformations( [8] ). These are transformations relating (x, y) with (x,ȳ) and are rotations in the (cx, L p y) plane; they leave invariant the form dl 2 = c 2 dx 2 + L 2 p dy 2 . After quantization, this 2-form can be written as the operator (∆l) 2 := c 2 (X) 2 + L 2 p (∆Ŷ ) 2 . If we perform the average of this operator on states of defined velocity, we obtain < (∆l) 2 > = c 2 < (∆X) 2 > > 0, because the above classical form is positive defined. This makes the states of defined velocity non-local. Conversely, a state that is well defined locally has an spread spectrum in velocities. The way it is spread depends of the particular state. Therefore reciprocity transformations appears as transformations relating different basis of the Hilbert space describing the physical system.
In the particular case of a system presenting a minimal length L, we get the interesting formula < (∆l) 2 > = c 2 L 2 + L 2 < ∆Ŷ > 2 > 0, (3.6) deviating from the uncertainty relation obtained before. This implies that for theories like string theory where a minimal scale appears, a soft uncertainty relations < ∆X > 2 = L 2 p and < ∆Ŷ > 2 = 0 are possible for some trajectories. This principle is a natural generalization of the Relativity Principle in both cases, the Galileo and Einstein Relativity. Indeed, the above principle contains the germ of the equivalence principle for bounded gravitational fields in the following sense: consider a test particle at rest in a particular uniformly accelerated system. The description of the trajectory in an inertial coordinate system is equivalent to a particle falling in a uniform gravitational field. And that is the content of the weak equivalence principle. Indeed, the equivalence principle, linking the description of Physics through coordinate system with the gravitational field, constrains the form of the physical laws. Similar constrains are produced by the above Extended Relativity Principle: it forces the motion law of the particle in the inertial frame.
Note that the physical content of the above principle is different than in the General Relativity Principle. In the principle presented here, only trajectories of particles with bounded accelerations are allowed, eliminating singularities in the trajectory of test particles, while in the general principle, arbitrary trajectories for particles are in principle legal.
Let us now discuss in short the types of possible generalized intervals. We will consider trajectories inside or on the light-cone (dx 0 ) 2 − (d x) 2 ≤ 0:
1. Case of a total interval "time-like" type. It is defined by the condition:
This condition is equivalent to:
A priori, there are two possible cases:
(a) Time like space-time interval, (dx 0 ) 2 − (d x) 2 < 0. In this case, there is an instantaneous inertial system such that d x dt = 0 and relation (3.7) reads a 2 p < a 2 , which is a contradiction. This is not a physical case.
(b) Null space-time intervals, (dx 0 ) 2 − (d x) 2 = 0. The relation (3.7) is reduced to a 2 p < a 2 p + a 2 p , which is trivially satisfied. It is a possible physical case, where particles of null mass can get a priori the maximal acceleration a p .
2. Case of a total interval "space-like" type. It is defined by the condition
Again, the possible cases are:
(a) Time like space-time interval, (dx 0 ) 2 − (d x) 2 = 0. In this case, there is an instantaneous inertial system such that d x dt = 0 and relation (3.8) reads a 2 p > a 2 , which is a physical possibility.
which is a contradiction.
3. Case of a total interval of "null" type. It is defined by the condition
The possible physical cases are:
(a) Time like space-time interval. Equation (3.9) reads a 2 p = a 2 , which is a physical possibility. This kind of matter seems to be always accelerated at the maximal level, implying a "strong" interaction at every instant in order to produce this acceleration.
(b) Null space-time intervals. Equation (3.9) is reduced to a 2 p = a 2 p + a 2 , which is physically realizable only when a = 0. This last possibility could imply the existence of "sterile matter", with any kind of interaction.
The last two cases are so different from ordinary trajectories described in Special Relativity that we can expect they play a relevant role in processes where ordinary particles like leptons or quarks are not involved. The existence of matter with positive mass and with acceleration a p at every instant (as in case 3.a) should be considered as a prediction of the present theory.
On the other hand, the existence of trajectories of particles with zero mass and without any acceleration (case 3.b) is another prediction, although difficult to understand: the possibility of measure any effect from the last one is complicated, and only a deviation from a conservation law could justify an observation of these trajectories. However this conclusion is not satisfactory. An alternative interpretation is consider this matter as appearing only as a product in dynamical processes. In this case, time inversion seems rather difficult to implement in the dynamics.
Recalling the expression for the maximal acceleration and the analysis performed in Section 2, we can argue a mechanism generating a bound for the acceleration. We associate the "average" of the deterministic finslerian model with the bosonic string model by the following argument: the maximal acceleration is the same as the centripetal acceleration of one particle moving in a circle of radius L p and speed c. Consider this system as an effective description of the state of motion of the ontological two correlated pair of ontological particles as was described in [5] . If we take an averaged picture of the system it can be interpreted as a thin, closed string. If this string have non-zero velocity component in the orthogonal direction "z" to the plane containing the string, the infinitesimal action is
Let us suppose that the distribution ρ is such that ρ v z t a = Mp 2πLp , where t a is the average time and M p the Planck mass. Then, the infinitesimal averaged action is:
dA being the elementary area developed by the string in the time t a . The total averaged action is
This action is equivalent to the Nambu-Goto action for strings. This deduction confirms the first one in [5] and also gives a geometric interpretation of the maximal acceleration. In addition, it relates the origin of the maximal macroscopic acceleration with bosonic string theory. As a consequence of this relation, we are able to generate the maximal macroscopic acceleration a p using a mathematical procedure from string theory producing a minimal length. Since the operators defining the ontological states commute ([10]), we only can postulate non-commutative relations for the bosonic operators of the effective bosonic string( [11] ),
The tensor Q µν appears in string theory in a natural way ( [11] ). The minimal length concerns macroscopic distances measured using strings as the smallest physical system. Since string scale is so small compared with ordinary scale (Standard Model Scale), the use of continuous models for Physics is reasonable.
However we must note that in our framework the ontological degrees of freedom are defined by a complete set of commuting ontological operators,
Nevertheless, even for ontological states the macroscopic acceleration (2.4) and the ontological acceleration a i = dy i dt are bounded and a different mechanism should exist in order to explain this general phenomenon. Indeed, the existence of a maximal physical acceleration has been obtained for deterministic models at the Planck scale through a geometric argument and it seems that the geometric conditions on the β i (x) coefficients are equivalent to the following physical properties: 1. Causality: there is a maximal speed for physical particles.
Locality:
The amount of change in energy in a elementary system at the Planck scale is produced by the smallest neighborhood of the elementary system.
The second condition implies, in the general case a kind of quantized topology. The inverse result also holds: any system with a bounded Hamiltonian linear in momentum and with a dynamics such the above conditions hold, can be interpreted as a deterministic finslerian system ( [5] ).
Conclusions
From a macroscopic point of view, the formation of stable strings at the Planck scale implies a maximal macroscopic acceleration equal to the ontological maximal acceleration in the equilibrium Riemannian regimen (2.6) and of the same order than the ontological finslerian acceleration.
We remark that all the accelerations treated in this work are accelerations of on-shell particles. For ontological states it is justified because they are classical degrees of freedom. For strings, we obtain the same acceleration at least for on-shell states.
It is natural to introduce a new Relativity group O (1, 6) . Consequences of this group are the existence of trajectories for massive particles with maximal acceleration at every instant and trajectories without acceleration at any point for zero mass particles.
In relation with the question asked in the introduction, it seems that the common universal value of the macroscopic maximal acceleration appearing in string theory and Finslerian models has its origin in its interpretation as the macroscopic maximal acceleration of deterministic finslerian models when the fundamental macroscopic length is the Planck length L p .
Finally, due to the equivalence principle, the existence of a maximal acceleration can be interpreted as a limit in the gravitational field. Whether this means the absence of any physical singularity is a different problem.
